CENTRALIZERS IN A2 GROUPS 



GUYAN ROBERTSON 

Abstract. Let F be a torsion free discrete group acting cocom- 
pactly on a two dimensional euclidean building A. The centralizer 
of an element of F is either a Bieberbach group or is described 
by a finite graph of finite cyclic groups. Explicit examples are 
computed, with A of type A2. 



1. Introduction 

Let r be a torsion free discrete group which acts cocompactly on a 
2-dimensional euchdean building A |Br[ IGa[ IRoj . For example, F may 
be any torsion free lattice in PGL3(F), where F is a nonarchimedean 
local field. In that case F acts cocompactly on the Bruhat-Tits building 
A of PGL3(F). The building A is considered as a geodesic metric space 
[Brl Chapter VI. 3] and is a union of apartments which are isometric to 
the euclidean plane. Define the translation length of an element g eT 
to be \g\ = mfx^/:^d{g.x,x), and let 

Mm{g) = {x E A : d{g.x,x) = \g\}. 

An element G F is hyperbolic if \g\ > and Min{g) is nonempty. 
Since F is torsion free, all nontrivial elements of F are hyperbolic and 
F acts freely on A. Each element G F — {1} has at least one geodesic 
line £ in A (called an axis for g) upon which g acts by translation. The 
axes of g are parallel to each other and their union is the convex set 
Min{g) |BHl Theorem II. 6. 8]. An axis i for g will always be oriented 
in the direction of translation by g, which will be called the positive 
direction. A nontrivial element G F is said to be regular if no axis 
of g is parallel to a wall of A; otherwise g is said to be irregular. If g 
is regular then every axis of g is contained in a unique apartment, as 
illustrated in Figure [H 

The main result of this article concerns the structure of centralizers. 

Theorem 1.1. With the above hypotheses, let g G F — {1} and let 
Zr((7) denote the centralizer of g inT. 
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Figure 1. Axis of a regular element 

(a) If g has only one axis then Zr{g) = Z. 

(b) // g has more than one axis then one of the following is true. 

• If g is regular then Zr{g) is a Bieberbach group in two 
dimensions. 

• If g is irregular then Zr(5')/ (g) is the fundamental group of 
a finite graph of finite cyclic groups. 

The principal aim of this article is to show how to compute centralizers 
explicitly. This is done in Section H] below in the A2 case. General 
results on the structure of centralizers in semihyperbolic groups are to 
be found in |M1 Section 7], [BHl III.4]. 

In the non-exotic case, where the building is associated to a linear 
algebraic group of which F is a subgroup, the current results can be 
deduced and interpreted using matrices. All locally finite euclidean 
buildings of dimension > 3 are associated to linear algebraic groups, 
and, up to a point, this justifies the restriction to two-dimensional 
buildings in the present article. 

2. Background 

Since F\A is compact, A is uniformly locally finite, in the sense that 
there exists q > 2 such that any edge of A lies on at most q+1 triangles. 
If A is of type A2 then every edge of A lies on exactly q + 1 triangles. 
This follows from the facts that the link of a vertex in a building of 
type A2 is a generalized 3-gon |Rol Chapter 3.2], and all vertices in a 
thick generalized 3-gon have the same valency |Rot Proposition (3.3)]. 
The figures below relate to buildings of type A2, in which apartments 
are euclidean planes tessellated by equilateral triangles. 

The main result is based on the observation that if g,h G Aut(A) 
commute, then h leaves Mm{g) invariant and h maps each axis of g to 
an axis of g |BHi Theorem II. 6. 8]. 

Lemma 2.1. If an element g G F — {1} has only one axis then 7ir{g) = 
Z. 
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Proof. If g has only one axis i then Mm{g) = i and so Zr(5') acts freely 
by translation on i. Therefore 'Z^rig) = □ 

This proves Theorem 11.1( a). It is now only necessary to consider 
elements with more than one axis. The next result proves the first part 
of Theorem 11.1( b) . 

Lemma 2.2. Suppose that g G F— {1} is a regular element. Then Zr{g) 
is a Bieberbach group, isomorphic to either!? or the fundamental group 
of a Klein bottle. 

Proof. Let I be an axis for g. Then ^ is not parallel to any wall and 
lies in a unique apartment ^ of A, which is ^f- invariant, since ^ is. 
Any other axis ^' for g is parallel to I and therefore lies in a common 
apartment with ^. However ^' also lies in a unique apartment, namely 
A. Thus y[in{g) C A. Now since g has more than one axis, g acts 
by translation (rather than glide reflection) on A, and any geodesic in 
A which is parallel to £ is an axis for g. Thus Min(5f) = A and 'Zir{g) 
leaves A invariant. 

We claim that Zr(5') acts cocompactly on A. Choose a point ^ on £ 
and a geodesic p i in A passing through ^. Let D C A be a compact 
fundamental domain for F containing ^, and choose ^„ G n = 1, 2, . . . 
such that dist(^„, ^) > 2n. diam(D). Let be the geodesic in A passing 
through and parallel to i. Then is an axis for g, since g acts by 
translation on A in the direction of i. Choose G F such that gn^n ^ 
D. The geodesic gnin passes through D and is an axis for gnddn^- The 
displacement of gn^n by gnQQu^ is equal to the displacement of ^ by (7 
and each g-a^n lies in D. Since F is discrete, there are infinitely many 
pairs m ^ n such that grnQQ^ = dnQgn^- Choose such a pair. Then 
h = g^g-n £ Zr(5') and so h leaves A invariant. By considering /i^ if 
necessary, we may assume that is a translation rather than a glide 
reflection of A and h moves away from D. Thus the subgroup of 
Ti-pig) generated by g and h acts cocompactly on A. It follows that 
Zr(5') is a Bieberbach group in two dimensions. □ 

Definition 2.3. A strip in A is the convex hull of two parallel walls 
of A which contains no other wall of A (and so is of minimal width). 
Recall that a wall in A is a geodesic in the 1-skeleton of an apartment 
which is fixed pointwise by a reflection in the associated euclidean 
Coxeter group. If g G F — {1} then an axial wall for g is a. wall of 
A which is also an axis for g. 

Lemma 2.4. Let g & T — {1} be an irregular element, with more than 
one axis. Then any axis i for g is either an axial wall or lies in the 
interior of a unique strip bounded by two axial walls. 
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Proof. Suppose that i is an axis for g which is not a wall of A. Let S 
be the unique strip containing i. Since g has more than one axis and 
Mm{g) is convex, S must contain an axis i' for g which is neither a 
wall nor the median line of S. Let io be the unique wall parallel to i' 
at minimal distance S to i'. Since g is an isometry, it must map io to 
a parallel wall g.io, also at distance 6 to £'. By uniqueness, £o = glo, 
and io is an axis of g. Finally, the edge ii of S opposite to io is also 
an axis of g. □ 

The preceding argument shows that, if an irregular element g E T 
has only one axis i, then £ is either a median line or a wall. 

Definition 2.5. Suppose that the element g G F — {1} is irregular with 
more than one axis. Define a graph Tg as follows. A vertex £ of 7^ is 
an axial wall of g. There is an edge [ii,i2] between two such vertices 
if ii, I2 are the boundary walls of a common strip. 

Lemma 2.6. Under the above hypotheses, the graph Tg is a tree. 

Proof. If i' are axial walls of g, then their convex hull conv(£, i') is a 
convex subset of an apartment of A, which is the union of n contiguous 
parallel strips. This defines a path of length n in 7^ from i to i' . 
The path is unique, since A is two dimensional and contractible [Rot 
Appendix 4, page 185]. □ 



Figure 2. Part of M.m.[g) corresponding to path of 
length 3 in 7^ 

If I is any wall of A then the class of all walls parallel to £ is a wall 
of the spherical building at infinity A°°. There is an associated tree 
T{i°°), whose vertices are the elements i°° \Ro\ Chapter 10.2], |We[ 
Chapter 10]. If i is an axis of the element g E T then the tree 7^ is a 
subtree of T(£°°). 

Lemma 2.7. The group G = ZY'{g)/{g) acts on the tree Tg. 

Proof. Since each element of Zr(5') maps axes of g to axes of g, the 
group Zr{g) acts on Tg. Also the cyclic group (g) fixes each vertex of 
Tg, since each axis is (yf-invariant. □ 
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Remark 2.8. The action of G on 7^ may have inversion. In order 
to obtain an action without inversion, each geometric edge which is 
stabihzed by a nontrivial element of G is divided into two by inserting 
a vertex C.* at its midpoint. Then G acts without inversion of the 
resulting tree T* . The full barycentric subdivision of Tg would be a 
good alternative to 7^*, but we have chosen to minimize the number 
of additional vertices in order to simplify the graphs for the explicit 
examples below. 

Remark 2.9. Any strip containing an axial 
wall £ is completely determined by ^ and a sin- 
gle triangle in the strip which contains a fixed ^ 
edge of Since there are at most g + 1 such 
triangles, each vertex of the tree Tg has valency 
at most g + 1. 

Remark 2.10. Recall that an axis i for g is ori- 
ented in the direction of translation by g. Let 
£, ^' be neighbouring axial walls for g and fix 
an edge e = [vq,Wq] in A joining them. Then 
g translates vo,wo the same distance along the 
parallel walls £,i'. The edge ge = [gvo,gwo], 
is the edge obtained by translating e along the 
strip. This observation will be crucial in con- 
structing the explicit examples in Section HI 

Recall that our axes are always oriented. 

Lemma 2.11. Two axes £,£' lie in the same ZY'{g)-orbit if and only if 
they lie in the same T-orbit. 

Proof. Recall that g acts by translation by the same distance on each 
of the axes. In order to prove the nontrivial implication, let 7 G F 
with 7^ = i'. We claim that 7 G Zr(5'). If v E i then 7W G i' and 
'y[v,gv] = ['yv,g'yv]. Therefore 'y{gv) = g{jv). Since T acts freely on 
A, 7^ = 91- □ 

Lemma 2.12. Let g eT — {1}. Then the set of Z^i^g)- orbits of axial 
walls for g is finite. 

Proof. Since g acts on each axis by translation of distance \g\, the axis 
is determined by a segment of length \g\. Since F acts cocompactly, 
every segment of length \g\ can be translated by some element /i G F 
to some segment belonging to a certain finite set. Each segment in the 
finite set generates an axial wall for some conjugate of g. So, further 
translating by one of a finite number of elements /c G F, we obtain 



gwo 
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one of a finite number of segments generating axial walls for g itself. 
According to Lemma [2.111 the elements hk lie in ZY{g)- □ 

Lemma 2.13. Let g ^ T — {1} and let i be an axis for g. Then the 
stabilizer S{i) of i in T^vig) "is a cyclic group. If S{i) is nontrivial then 
it is generated by an element of minimal positive translation length. 

Proof. Each element z of S{i) acts upon the oriented axis £ by a trans- 
lation of signed distance p{z) = ±\z\. The map z h-> p[z) is a homo- 
morphism from S{i) into M, which is injective since F acts freely on 
A. The set : x G F} of translation lengths of elements of F is 
discrete. Therefore the map z t— )■ p{z) is an isomorphism from S{i) 
onto a discrete subgroup of M. The result follows. □ 



3. The graph of groups and proof of the main theorem 

The results of the previous section show that G = Zr{g)/{g) acts 
without inversion on the tree T = T*. Recall the construction of the 
corresponding graph of groups. Since G acts without inversion, we 
can choose an orientation on the edges which is invariant under G [Sel 
1.3.1]. This orientation consists of a partition of the set of edges and 
a bijective involution e ^ e which interchanges the two components. 
Each directed edge e has an initial vertex o(e) and a terminal vertex t(e) 
such that o(e) = t(e). The quotient graph X = G\T has vertex set V 
and directed edge set E. There is an induced involution e : E E 
and there are maps o,t : E V with o(e) = t{e). 

Choose a maximal tree T in X, and a lifting o" : T — T to a 
subtree of T. For each v E V, let G^ be the stabilizer of a{v) in 
G. If e is an edge of T, define Ge = G-g to be the stabilizer of a{e) 
in G and define cpe '■ Ge ^ Gt{e) to be the inclusion map. For each 
e G E^ — T, define cr(e) to be the directed edge of T lying over e and 
with o{a{e)) = a{o{e)), and define Gg to be the stabilizer of o"(e). We 
take ipe to be the inclusion map, but as a(e) ^ cr(e), we choose 7e G G 
with 7e((j(e)) = cr(e). Then is defined as conjugation by 7e. 

Now (X, G) is a graph of groups in the sense of [Sel L5]. By Bass- 
Serre theory [Sel 1-5.4], G is isomorphic to the fundamental group 
7ri(X, G), which is generated by the groups G„ and the elements 7e 
subject to the following relations, for e G -E. 

• 7e = 1, e G T; 
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The next result, which is an immediate consequence of the defini- 
tions, is useful in computing the fundamental group in the examples of 
the next section. 

Lemma 3.1. If ipe is surjective then ■jeGt{e)'Je^ ^ Goie)- In particular, 
ifeeT, then Gt(e) ^ Go(e)- 

Proof of Theorem This follows from the results of the previous 
section. The graph X has finitely many vertices by Lemma \2.12\ and 
finitely many edges by Remark 12. 9[ The stabilizer in G of any vertex 
of T is a finite cyclic group by Lemma 12.131 The same is true of edge 
stabilizers, since they are subgroups of vertex stabilizers. □ 

4. Examples in an A2 group 

A class of groups which act regularly on the vertices of a building 
of type A2 has been studied in [CMSZj . Consider the group C.l of 
|CMSZ] . This group was originally defined in |Muj : see also |KOt 
Theorem 2.2.1], [GM] . It is a torsion free lattice in PGL3(Q2), with 
seven generators Xo,Xi, . . . ,Xq and seven relators 

XqXoXq X0X2X3 X1X2XQ X1X3X5 X1X5X4 X2XiX;j 3^33^43^6 

The 1-skeleton of the Bruhat-Tits building A of PGL3(Q2) is the Cayley 
graph of r relative to this set of generators. Vertices in A are identified 
with elements of F and the directed edge [a, ax], where a G F, is labelled 
by the generator x. To facilitate computations, it is convenient to 
tabulate, for each i, the values of j for which there is a relation of the 
form XiXjXk = 1- 



i 





1 


2 


3 


4 


5 


6 


j 


0, 2, 6 


2, 3, 5 


3, 4,6 


0, 4,5 


1, 5,6 


1,2,4 


0, 1,3 



4.1. Example: the tree T* for g = XqX^. The element g has an axis i 
passing through 1, g, g"^, . . . , and g acts on i by translation of distance 
\g\ = 2. We seek all possible axial walls for g which are neighbours 
of £. By Remark 12. 10^ any strip containing i and another axial wall 
must have periodic labelling of period 2. The entire strip is completely 
determined by i and a single triangle containing a fixed edge of i. 
Therefore there are at most three such strips. In fact, there are exactly 
three, corresponding to three edges in Tg joining i to vertices £i, £2, £3. 
The three cases are illustrated on the left of Figure [3l where the edge 
label j stands for the generator xj. The stabilizer in Z^ig) of each strip 
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is the subgroup ((?), and this acts upon the strip by translation. In each 
case, a fundamental domain for this action is shaded. 




Figure 3. 



Continuing to extend the tree, it turns out that there is only one 
further edge emanating from £3 to a vertex £4 as illustrated on the right 
of Figure |3l As indicated by their edge labels, £3, £4 are in the same 
F-orbit, hence in the same Zr((y')-orbit, by Lemma [2.111 The element 
xJ^XqXs acts with inversion on the edge [£3,^4] of 7^, since it acts by 
glide reflection on the corresponding strip, in which a fundamental 
domain is shaded. We therefore divide [^3,^4] in two by inserting a 
vertex l\ at its midpoint, corresponding to the median line of the strip. 
Since x'^^Xi^X'^ acts by translation on this median line, it stabilizes i\. 
In fact S[t^ = {x^^xoxs) = Z. 




Figure 4. 

Continue to build the tree Tg*, adding vertices £5, Eq, £7 (as in Fig- 
ure H]), noting that £e, £7 are in the same Zr(5')-orbit, by Lemma [2.111 
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The action of G = Zr(5')/ (g) on 7^* is described by the quotient graph 
of groups in Figure [51 The vertices of the quotient graph G\Tg* are 
labelled according to their inverse images in T*. For example the sta- 
bilizer of the vertex ii is generated by an element h conjugate to X2'- in 
fact h = Xq^X2Xq. The same applies to all vertices in the same F orbit 
as ii, that is all axes of g with the periodic edge labelling (. . . 2, 2, 2 . . . ). 
Thus the vertex G.ii of G\Tg* has label (2). Similarly, the label [0] is 
attached to the vertex Gil. square bracket is used to indicate that 
£4 is a median line rather than a wall. The vertex and edge groups are 
shown in Figure[5], except where they are trivial. For example, attached 
to the vertex (2) is the group S{ii)/{g) = {xQ^X2Xe) / (g) = Z/2Z. 

Computing the fundamental group of this graph of groups as de- 
scribed in Section [3l using Lemma 13. ![ we see that 

Zr{g)/{g) = Z*{Z/2ZrU{Z/AZ). 



Z/2Z Z/4Z 
Z/2Z [0] 



Figure 5. Graph of groups with fundamental group Z* 

(Z/2Z)*2 * (Z/4Z) 

4.2. Example: the graph of groups for g = xqXix^. In this case 
the corresponding graph of groups is illustrated in Figure El This may 
be verified as before, and the notation used for the vertices is the same. 
For example, the vertex labelled [2, 3, 5] is the image of a vertex of T* 
which is stabilized by an element conjugate to X2X2,Xr,. Computing the 
fundamental group of this graph of groups gives 

ZT{g)Kg) = z*U{zi2zy\ 

Other groups for which such computations are possible are those 
which act regularly on the vertices of a building of type AiX Ai, that 
is a product of trees. Explicit presentations of such groups are given in 
[KRj . The groups studied in |RR] have the property that the centralizer 
of any non-trivial element is either Z or Z^ (with both possibilities 
occurring) . 



Z/2Z Z/2Z 
'(1) Z/2Z 



(4) 

• — 

Z/2Z 



zirz^ 



Z/2Z 
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Figure 6. Graph of groups with fundamental group 

Z*2 * (Z/2Z)*5 
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